Based on the homotopy analysis method (HAM), we propose an analytical approach for solving the following type of nonlinear boundary value problems in finite domain. In framework of HAM a convenient way to adjust and control the convergence region and rate of convergence of the obtained series solutions, by defining the so-called control parameter , is provided. This paper aims to propose an efficient way of finding the proper values of . Such values of parameter can be determined at the any order of approximations of HAM series solutions by solving of a nonlinear polynomial equation. Some examples of nonlinear initial value problems in finite domain are used to illustrate the validity of the proposed approach. Numerical results confirm that obtained series solutions agree very well with the exact solutions.
Introduction
In this work, we consider the following type of nonlinear boundary value problems in a finite domain (as considered in [1] ):
, , , , , Since, such type of boundary value problems arise in the mathematical modeling of the viscoelastic flows and other branches of mathematical, physical and engineering sciences, the approximate solutions of these problems are of great importance. See [2] [3] [4] and the references therein.
Some numerical and analytical methods such as shooting method [5] , Finite-element method [6] , sincGalerkin method [7] , finite-difference method [8] , Adomian technique [9] , variational iteration method (VIM) [10] , homotopy perturbation method (HPM) [11] , analysis method (HAM) [12] , have been studied for obtaining approximate solutions to boundary value problems.
The homotopy analysis method [13] [14] [15] [16] [17] is a general analytic approach to get series solutions of various types of nonlinear equations, including ordinary differential equations, partial differential equations, differential-integral equations, differential-difference equation, and coupled equations of them. Unlike perturbation methods, the HAM is independent of small/large physical parameters, and thus is valid no matter whether a nonlinear problem contains small/large physical parameters or not. More importantly, different from all perturbation and traditional non-perturbation methods, the HAM provides us a simple way to ensure the convergence of solution series, and therefore, the HAM is valid even for strongly nonlinear problems. Besides, different from all perturbation and previous non-perturbation methods, the HAM provides us with great freedom to choose proper base functions to approximate a nonlinear problem.
These advantages make the method to be a powerful and flexible tool in mathematics and engineering, which can be readily distinguished from existing numerically and analytically methods.
Up to now, this method has been successfully applying this method to various nonlinear problems in science and ;    engineering. A systematic description of the method and its applications are found in [15] . This paper is arranged in the following manner. In Section 2, the HAM is applied to solve the problem of nonlinear boundary value problems. In Section 3, the basic idea of the present approach is described. Furthermore, some numerical examples are presented in Section 4. Finally, conclusions are drawn in Section 5.
The Implement of HAM to BVPs
In order to obtain a convergent series solution to the nonlinear problem (1, 2), we first construct the zeroth order deformation equation
where is an embedding parameter, 
and the nonlinear operator is given by N   ,, ,
From ( ;0
where
Assuming that the series (6) is convergent at 1 p  , The solution series
must be one of the solutions of the original problem (1, 2), as proved by Liao in [15] . Our next goal is to determine the higher order terms
Differentiating the zeroth order deformation Equation (3) times with respect to , then setting m p 0 p  , finally dividing them by
, we obtain the th order deformation equation
and its boundary conditions
and
From (4), th order deformation Equation (10) becomes
In this way, the component solutions of , are not only dependent upon , m u m  x but also the auxiliary parameter . Thus, the convergence of the series (8) depends on the parameter .   Finally, the th order approximation to the problem (1, 2) can be generally expressed by
As we know, to find a proper convergence-control parameter , to get a convergent series solution or to get a faster convergent one, there is a classic way of plotting the so-called '' -curves" or ''curves for convergencecontrol parameter". For example, one can consider the
gives a convergent series solution of such kind of quantities.
Such a region can be found, although approximately, by plotting the curves of these unknown quantities versus .  However, it is a pity that curves for convergence-control parameter (i.e. -curves) give us only a graphically region and cannot tell us which value of
gives the fastest convergent series. Furthermore, recently in [18] a misinterpreted usage of -curves has reported.
Although the solution series (15) given by different values in the valid region of converge to the exact solution, the convergence rates of these solution series are usually different.
Proposed Approach
It should be noted that based on the zeroth-order deformation Equation ( 
, ,
donate the residual error of the governing Equation (12) at the th-order of HAM approximation. m Since is indeed a polynomial equation of order , so at each order of approximation , we can gain the value of by solving only one algebraic equation.
Numerical Examples
To demonstrate the efficiency of the proposed approach, we consider several examples. For comparison purpose they were taken from [1, 12] . Example 1. Let's consider the following second order boundary value problem [1] .
with the boundary conditions
which has the exact solution in the form of
For the zeroth order deformation Equation (3), the auxiliary linear operator is given by L     ; ; 2 ; 6 ;
In view of the boundary conditions (18) , the initial guess is determined as
To obtain higher order terms , the th order deformation Equation (10) 
In this way, we can calculate
In this example, from Equation (16) 
This problem was considered in [9] via the finite difference method.
For the zeroth order deformation Equation (3), the auxiliary linear operator is given by L
and the nonlinear operator is given by N ;
In view of the boundary conditions (21), the initial guess is determined as
. To obtain higher order terms m , the th order deformation Equation (10) and its boundary conditions (11) are calculated: 
is obtained by our approach. As shown in Table 2 and Figure 2 , approximate series solution using such value of parameter, is in excellent agreement with the numerical solution given by the Runge-Kutta-Fehlberg 4-5 technique. Example 3. As the example, let's have the following nonlinear fourth-order boundary value problem involving a parameter [12] . c
For the zeroth order deformation Equation ( 
In view of the boundary conditions (23), the initial guess is determined as
To obtain higher order terms , the th order deformation Equation (10) and its boundary conditions (11) are calculated: Table 3 . c
Conclusions
In this paper the solutions of a new way of finding the control parameter in the homotopy analysis method is proposed. It is shown for obtained values of such parameter, HAM approximation series leads to exact solution of problems or produces an approximate results which are in a highly agreement with exact solution of problems. All computations were done using Maple 13 with 15 digit floating point arithmetics (Digits: = 15).
